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We onsider the generalized rotor Hamiltonians apable of desribing quantum
systems invariant with respet to symmetry point-groups that go beyond the usual
D2-symmetry of a tri-axial rotor. We disuss the anonial de-quantisation proedure
to obtain the lassial analogs of the original quantum Hamiltonians. Classial and
quantum solutions to the Hamiltonians relevant in the nulear physis appliations
are illustrated and ompared using the 'usual' (D2) and an 'exoti' (Td) symmetries.
GENERAL ASPECTS
In this paper we onsider the so-alled generalized rotor hamiltonians, i.e. hamiltonians
apable of desribing the rotating quantum objets that are invariant under an arbitrary
lassial point group of symmetry. The word generalized implies that we go beyond the prop-
erties of the standard D2-symmetri ('tri-axial') rotors. We also study the lassial analogs
of the orresponding quantum objets - 'generalised lassial rotors' and the orresponding
trajetories - solutions to the related lassial Hamilton equations of motion.
Hamiltonians of this kind are of speial interest in the reent nulear physis appliations
not to mention the traditional ones related to the moleular physis; realisti mirosopi
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alulations predit the possibility that some exited nulear states may be haraterised by
the high tetrahedral and/or otahedral symmetries, f. Refs.[1℄ and also in: N. Shunk and
J. Dudek, these Proeedings.
The point groups are subgroups of the orthogonal group, O(3); for the latter one an
dene operations of the left- and the right-shifts [2℄. Introduing laboratory and intrinsi
frames it an be easily shown that the left-shift operation orresponds to the rotation in the
laboratory- and the right-shift operation to the one in the body-xed frame, respetively.
One an demonstrate that the generators of the left-shift should be interpreted as the angular
momentum operators in the laboratory frame, and the generators of the right-shift as the
operators of the angular momentum in the intrinsi frame. These two notions allow to
introdue the denitions of the rotor hamiltonians in the mathematially onsistent, preise
manner. Here we will not go more into any mathematial details leaving the orresponding
disussion to a forthoming publiation.
The ommutation-relations of the rotation generators (i.e. the angular momentum op-
erators) are dened in suh a way that they obey the onvention of Varshalowih et al.[3℄.
The latter implies in partiular the 'plus' sign on the right-hand sides of the orresponding
ommutators for the intrinsi-frame angular-momentum operators (it is sometimes forgotten
that the often ited in this ontext the 'minus' sign is a matter of a representation - and of
ourse no nal result depends on that).
GENERALISED ROTORS: QUANTUM AND CLASSICAL HAMILTONIANS
The nulear olletive rotation an be often desribed using the rotor hamiltonian of the
form
Hˆ =
Iˆ 2x
2Jx +
Iˆ 2y
2Jy +
Iˆ 2z
2Jz (1)
where Iˆx, Iˆy and Iˆz denote the angular momentum operators in the body-xed referene
frame and the three onstants, Jx, Jy and Jz are interpreted as the eetive moments of
inertia. Suh a hamiltonian is invariant with reset to the D2 point group of symmetry and
annot be used to desribe system of higher, e.g. tetrahedral symmetry.
In order to provide mathematial means needed to desribe the motion of the higher-
symmetry quantum objets we are going to introdue a basis of the spherial-tensor
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dened by
Tˆ λµ =
((
. . .
((
~ˆI ⊗ ~ˆI )λ2=2 ⊗ ~ˆI )λ3=3 ⊗ . . .⊗ ~ˆI )λn−1=n−1 ⊗ ~ˆI
)λn=λ=n
µ
, (2)
with the help of the usual Clebsh-Gordan oupling and the orresponding generalized rotor
hamiltonian as an expansion within the above basis:
Hˆ = h00 T
0
0 (2) +
∞∑
λ=1
(
hλ0Tˆ
λ
0 +
λ∑
µ=1
(
hλµTˆ
λ
µ + (−1)µh⋆λµTˆ λ−µ
))
, (3)
where T 00 (2) =
(
~ˆI⊗ ~ˆI )0
0
. Here, the symbol {hλµ} denotes the full set of the model parameters
(onstants); they however, may be some funtions of the salar expressions onstruted out
of
~I. These parameters are dened in suh a way that the resulting hamiltonian is hermitian.
Within suh a basis any rotor hamiltonian of any predened point-group of symmetry an
be easily onstruted. Of ourse the standard rotor expression, Eq. (1), is a very partiular
ase of that in Eq. (3), see also below.
To obtain a lassial desription of rotation that is ompatible with that provided by
a given quantum rotor hamiltonian we 'de-quantize' the latter using the inverse anonial
quantization proedure:
1
i~
[fˆ , gˆ] −→ {f, g} , (4)
where the symbols [ , ] and { , } refer to ommutators and Poisson brakets, respetively. The
three Euler-angles (formally: operators): αˆ, βˆ, γˆ and the orresponding derivatives: −i ∂
∂α
,
−i ∂
∂β
and −i ∂
∂γ
should be replaed by the anonially onjugated variables α, β and γ, and
the related momenta ℓα, ℓβ, ℓγ, respetively.
Having de-quantized angular momenta we obtain a lassial Hamiltonian - the lassial
analog of the original quantum Hamiltonian that was invariant with respet to a ertain
point-group of symmetry - and we an write down the Hamilton equations. In priniple
they form a system of six nonlinear dierential equations. Using the fat that the angular
momentum of an isolated objet is onserved in the laboratory frame and seleting the Oz-
axis of the latter to oinide with the diretion of the orresponding angular-momentum
vetor, the rst three of these equations an be redued to the following form
α˙ =
∂H
∂ℓα
= A(β, γ, | ~J|) , β˙ = ∂H
∂ℓβ
= B(β, γ, | ~J|) , γ˙ = ∂H
∂ℓγ
= G(β, γ, | ~J|) , (5)
valid in the body xed oordinate frame. (Reall: here as always the Euler angles denote
the relative angular position of the body-xed vs. laboratory referene frame, and | ~J | is the
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length of the angular momentum vetor - a onstant of the motion for a free rotor. Symbols
A, B and G denote known funtions of their arguments; their expliit form an only be
dened after the symmetry group of interest has been hosen).
As one an see, the above equations do not depend on α. Consequently, solving the
system of the seond and third of the above equations for β = β(t) and γ = γ(t) and
inserting the solutions into the equation ontaining α˙ allows to integrate diretly the latter
and obtain the full desription of the relative motion of the two referene frames.
Conerning the other three Hamilton equations i.e. those ontainig ℓ˙α, ℓ˙β and ℓ˙γ: by
using the known relation between the laboratory and the body-xed referene frames given
by the solutions α(t), β(t) and γ(t) the omponents of ~J in the body-xed referene frame
an be expressed using only the length of the angular momentum vetor (onstant of the
motion) and the angles β and γ. In other words: beause of the onservation of the angular
momentum in the laboratory referene frame, the motion of the angular momentum vetor
in the body-xed referene frame an be obtained without eetively solving the latter three
dierential equations. Thus having found solutions only for β and γ one obtains the full
desription of the motion for the angular momentum vetor in the body-xed frame.
In the following we are going to be interested in partiular in the equilibrium points (stable
and unstable) assoiated with the rotational motion; these an be analyzed within the well
established mathematial approah, f. e.g. Ref.[4℄. The behavior of the rotational motion
in the viinity of the equilibrium points (β˙ = 0, γ˙ = 0) allows to lassify the trajetories
of the lassial rotor and relate them to the quantum spetrum. These relations will be
desribed qualitatively in the rest of the paper.
The equilibrium points an be found from the onditions: β˙ = 0, γ˙ = 0.
In the following we are going to disuss the properties of the D2-symmetri rotor as a
referene objet to be ompared with the higer symmetry (here: Td) rotor.
D2-SYMMETRIC ROTOR
First let us onsider the seond order rotor with D2 symmetry: its hamiltonian, Eq. (1),
rewritten using the spherial tensor basis introdued in Eq. (2), takes the form
H
rot
= h00 T
0
0 (2) + h20 T
2
0 + h22
(
T 22 + T
2
−2
)
, (6)
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where T 00 (2) = (
~J ⊗ ~J)00; there is a one-to-one orrespondene between the set of the three
moments of inertia and the h-parameters in Eq. (6). In this ase the Hamilton equations
(5) read:
α˙ = −J
3
(√
6h20 − 6h22 cos( 2γ )
)
; (7)
β˙ = −2 J h22 sin(β) sin(2γ) ; (8)
γ˙ = J cos(β)
(√
6 h20 − 2 h22 cos(2γ)
)
. (9)
One an demonstrate, f. Ref.[4℄, that the motion of the rotor in the neighborhood
of equilibrium points found through (β˙ = 0, γ˙ = 0), say (β0, γ0), is determined by the
eigenvalues of the Jaobi matrix, M, dened as follows: suppose that the equations in
question have the form
β˙ = B(β, γ, | ~J|) , (10)
γ˙ = G(β, γ, | ~J|) . (11)
Then the Jaobi matrix at the equilibrium point satises by denition
M =


∂B
∂β
∣∣
(β0,γ0)
,
∂B
∂γ
∣∣
(β0,γ0)
∂G
∂β
∣∣
(β0,γ0)
,
∂G
∂γ
∣∣
(β0,γ0)

 . (12)
It an be shown that in the disussed situation there are the following two possibilities.
The solutions desribing the motion of the angular momentum vetor are periodi (losed
trajetories) orresponding to the imaginary eigenvalues of the Jaobi matrix, or aperiodi
('hyperboli') ones, orresponding to the real eigenvalues. In the latter ase the equilibrium
points are alled saddles, in the former ase - enters. The exat solutions for saddles are
alled separatrix trajetories.
For the illustration below we have seleted the rigid-rotor moments of inertia orrespond-
ing to the quadrupole deformations β2 = 0.25 and γ = 30
o
, i.e. maximum triaxiality. After
straightforward alulations we obtain the following pairs of equilibrium points for the dis-
ussed ase: a. the rst pair, {β, γ} = {π/2, 0} and {β, γ} = {π/2, π}, and, b. the seond
pair {β, γ} = {π/2, π/2} and {β, γ} = {π/2, 3π/2}.
The quantum spetra of the orresponding D2-symmetri hamiltonian have the following
very well known behaviour: the states with the energies approahing the extremes in the
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energy sale lie in pairs whose energies are very lose to eah other (f. Fig. 1). With the
energies approahing the middle of the sale the 'partnership' relation beomes weaker and
weaker, orresponding energies lying further and further apart. On an show that among
(2I + 1) states in the spin I multiplet, the 2I states have a tendeny to form the doublets
of partners with very losely lying energies, one state staying always without a 'partner'.
FIG. 1: Energy surfae of Eq. (13) with lassial trajetories (left) and quantum spetrum (right)
for D2-symmetri rotor. Hamiltonian oeients are: h00 = −0.016, h20 = 0.002, h22 = 0.001,
orresponding to the moments of inertia Jx = 53.1, Jy = 67.4 and Jz = 45.9 in ~/MeV for the
angular momentum J = 10~ - i.e. a physial situation orresponding to a typial nuleus in Rare
Earth nulei.
The behaviour of the lassial rotors an onveniently be disussed with the help of
auxiliary surfaes on whih the lassial trajetories-solutions an be drawn. These surfaes
are dened as follows. We introdue a body-xed referene frame within whih the motion
of the angular momentum vetor
~J(α, β, γ) an be treated as already known in terms of the
funtions {α(t), β(t), γ(t) }. To eah orientation of this vetor there orresponds rotor's
energy E(α, β, γ); the surfae omposed of all points ~ξ below
~ξ = E(α, β, γ)
~J(α, β, γ)
| ~J(α, β, γ)| (13)
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will serve as our referene surfae (f. Figs. 1 and 2). In other words: this surfae is omposed
of all the points orresponding to all the solutions of the motion assoiated to a given length
of the vetor
~J ; onsequently all trajetories - solutions to the Hamilton equations with
| ~J |-given must lie on suh a surfae.
Comparing the quantum spetra for the D2-symmetri Hamiltonian with the lassial
solutions whose energies are exatly equal to those of the orresponding quantum ase, one
an observe several orrelations. First of all, the energy assoiated with the separatrix is
lose to the energy of the partnerless state and in this sense the two objets an be assoiated.
Seondly, states lying above and below the separatrix orrespond to the losed trajetories
surrounding enters with maximal and minimal energy. One an observe higher density of
states when energy of the system is approahing the energy assoiated with the separatrix.
Td-SYMMETRIC ROTOR
The simplest hamiltonian of the generalized rotor with tetrahedral symmetry has the
form:
Hˆt = h00 T
0
0 (2)︸ ︷︷ ︸
H0
+ h32
(
T 32 − T 3−2
)
︸ ︷︷ ︸
H3
, (14)
so that to guarantee the hermitiity of the rotor hamiltonian the h32 oeients must be
purely imaginary. In the lassial limit we have
T 32 − T 3−2 → i Ix Iy Iz . (15)
This struture implies the time-odd harater of the latter term sine the i-fators disappear
and the produt of the three I-operators hanges sign under time reversal.
The latter feature is worth examining beause it implies an interesting property of the
whole hamiltonian in Eq. (14). Sine [Hˆ0, Hˆ3] = 0, it follows that the eigenvalues of Hˆt,
satisfy Et = E0 + E3, where E0 and E3 are the eigenvalues of Hˆ0 and Hˆ3, respetively. We
may write
Hˆt Ψt = Et Ψt → (Hˆ0 + Hˆ3) Ψt = Et Ψt (16)
and at the same time
Tˆ HˆtTˆ −1 = Hˆ0 − Hˆ3 → (Hˆ0 − Hˆ3) Ψ∗t = Et Ψ∗t (17)
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and omparing the relations (16) and (17) we nd
Hˆ3 Ψt = +(Et −E0) Ψt ↔ Hˆ3 Ψ∗t = −(Et − E0) Ψ∗t (18)
i.e. the spetrum of the Hˆ3 term in the hamiltonian is symmetri with respet to zero.
Assuming that the energy of the rotational motion is 'purely ineti' we must selet the
paramters of the full hamiltonian Hˆt in suh a way that the quadtrati (salar) term domi-
nates so that Et remains positive.
In priniple the nulear rotor hamiltonian is a sum of at least two terms one of them representing the
intrinsi struture of the nuleus and the other one the oherent rotational motion; only the sum of the
two has a priori denite transformation properties with respet to the symmetry operations (so has the
total wave funtion orresponding to suh a hamiltonian). Following this view point one needs to assume
that h32 oeient is a funtion of group symmetry invariants e.g. J
2
and yint the latter desribing the
internal-oordinate struture of the rotating body. This funtion is odd under the time reversal operation
like the third-order term in Hamiltonian and the produt of them would allow to onserve the time reversal
symmetry. Suh an interpretation would modify the approah to the highly symmeri rotors, here, however,
we are not going to disuss this more omplete model of the nulear rotor.
FIG. 2: Energy surfae with lassial trajetories and quantum spetrum for Td-symmetri rotor.
Hamiltonian oeients are: h00 = −0.016, h32 = i0.003003, J = 16.
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The Hamilton equations for the Hamiltonian (16) are:
α˙ = −i 2
√
3 J2 h32 cos(β) sin(2γ) ; (19)
β˙ = −i
√
3 J2 h32 cos(2β) sin(2γ) ; (20)
γ˙ =
i
√
3
2
J2 h32 sin(2γ)
(
1 + 3 cos(2β)
)
; (21)
they are real sine the h32-oeient is purely imaginary.
Calulations show that there are eight equilibrium points for this system orresponding
to all possible ombinations of β = arccos(1/3), π−arccos(1/3), γ = π/4, 3π/4, 5π/4, 7π/4
and the four points related to β = π/2 and γ = 0, π/2, π, 3π/2, lassied as saddles.
Analyzing the lassial-motion piture, Fig. 2, and the quantum spetrum one an observe
an inrease of the density of states near the energy assoiated with the separatrix. Another
feature of the quantum spetrum, explained by Eq. (19), is that it is symmetri (in the
sense of Eq. (19)) with respet to the state with the energy equal to that of the separatrix-
solution. The symmetry in question orresponds in fat to an exhange of the roles of the
two (out of three) one-dimensional irreduible representations of the Td-group. In partiular
one may note that at an even spin value, I=16 in the illustrated ase, all the states below the
separatrix form multiplets with the energy of the three-dimensional irrep above the energies
of the one-dimensional ones - this tendeny is exatly opposite above the separatrix.
At this stage we have no further omments about possible analogies between the features
of lassial trajetories and e.g. triple degeneraies of quantum states orresponding to the
3-dimensional irreduible representation of the Td-group.
SUMMARY AND CONCLUSIONS
We have onstruted a mathematial sheme allowing to draw ertain parallels between
the quantum behaviour of high-symmetry rotors and the solutions of the implied lassi-
al equations of the motion for the angular-momentum vetor in the intrinsi (body-xed)
referene frame. The proedure is analogous to those used in ertain studies in moleular
physis. Unlike moleular physis appliations where often the semi-lassial or lassial
limits are of interest ('angular momentum → ∞'), the nulear physis appliations must
fous on the very low-spin limits, sine the angular-momentum alignment phenomena are
expeted to destroy the deliate balane leading to suh high symmetries. Moreover, the
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total symmetries of the systems are very dierent in the two types of objets (for instane,
the symmetry with respet to exhange of positions of nulei/atoms in the moleules have no
nulear physis analogs). This latter aspet is in general not just a trivial 'tiny' ompliation
- the full group-struture and thus the related irreduible representations (even their num-
ber), the tensor harater of the implied wave funtions and their symmetry/antisymmetry
properties are inuened. This an be viewed as a hallenge for the nulear struture physis
whose observables and physis-ases seem to be signiantly dierent in many respets from
those in the the traditional moleular physis appliations.
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